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Covariance and Sums of Independent Random Variables 

Definition: Covariance 

Cov (X,Y) = E [(X-E[X]) (Y-E[Y])] 

Intuition: Covariance measures the correlation between X and Y 

 Positive correlation: If X > E[X], then Y> E[Y] 

 Negative correlation: If X> E[X], then Y< E[Y] 

 If the covariance of X and Y is 0, X and Y are uncorrelated 

Definition: Correlation Coefficient ρ(X,Y) 

𝛒 𝐗,𝐘 =  

𝐂𝐨𝐯  𝐗,𝐘 

 𝐕𝐚𝐫 𝐗 𝐕𝐚𝐫 𝐘 
 ,𝐕𝐚𝐫 𝐗 𝐕𝐚𝐫 𝐘 ≠𝟎

𝟎,                                𝐕𝐚𝐫 𝐗 𝐕𝐚𝐫 𝐘 = 𝟎

  

 

Note that -1≤ ρ X, Y  ≤1 holds.  If ρ X, Y =1 or -1, X and Y have a linear relationship 

ρ X, Y =1;   X=a+bY, b>0  

ρ X, Y =-1;   X=a+bY, b<0  

Properties of Covariance 

1.) Cov (X,Y) = E[XY] – E[X]E[Y] 
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, Y𝑗) 

3.) X and Y are independent Č  Cov (X,Y) = 0 

 



Suppose we run m independent trials of some experiment.  Each one has r possible outcomes, 

with probability 𝑝𝑖 for each outcome i, 1 ≤𝑖≤𝑟 . 

Ex1.) Tossing a fair die; 𝑝𝑖= 
1

6
 , r = 6. 

Ex2.) Tossing a biased coin with probability 𝑝1 = 𝑝 for heads, 𝑝2 = 1−𝑝 for tails 

 

Define a random variable N𝑖 to be the number of times we saw the outcome 𝑖, 1 ≤𝑖≤𝑟 . 

What can we say about the correlation of N𝑖,  N𝑗 , 𝑖≠𝑗? 

We know that N𝑖=m Č N𝑗= 0.   

Intuition: If N𝑖 increases, N𝑗 is likely to decrease 

 

Define a random variable I𝑖(𝑘), 1 ≤𝑖≤𝑟,   1 ≤𝑘≤𝑚, where 𝑘 is a trial 

I𝑖 𝑘 = 1, if in the 𝑘th  trial, the outcome is 𝑖
0 otherwise

   

I𝑗 𝑘 =  1, if in the 𝑘th  trial, the outcome is 𝑗
0 otherwise

  

N𝑖=  I𝑖
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, I𝑗(𝑙)) 

For 𝑘≠𝑙, Cov(I𝑖 𝑘 , I𝑗 𝑙 ) =0, because the outcome of the 𝑘th  trial is independent of the 

outcome of the 𝑙th , so we can just talk about what happens in the 𝑙th  trial. 

Cov (I𝑖 𝑙 , I𝑗 𝑙 ) = E[I𝑖 𝑙 I𝑗 𝑙 ] − E[I𝑖 𝑙 ]E[I𝑗 𝑙 ] 

Note that E[I𝑖 𝑙 I𝑗 𝑙 ]=0, because I𝑖 𝑙  is 1 if the outcome is 𝑖  and 0 otherwise, but when 

the outcome is 𝑖, I𝑗 𝑙 =0. 

Cov (I𝑖 𝑙 , I𝑗 𝑙 ) = − E[I𝑖 𝑙 ]E[I𝑗 𝑙 ] 

Cov (I𝑖 𝑙 , I𝑗 𝑙 ) = −𝑝𝑖𝑝𝑗 



Our intuition was correct.  N𝑖 and N𝑗 are negatively correlated, and the higher the 

probabilities of 𝑖 and 𝑗, the stronger the correlation. 

Sums of Independent Random Variables 

What if you want to know the whole distribution of a sum of independent random 

variables? 

Ex.) Suppose a skipper is participating in a boat race across the Pacific that will take her 

100 days.  She has two radios, a main radio and a backup radio.  If the main radio fails, she 

will start using the backup.  Each radio has probability 
1

75
 to fail for each day it is in use.  

What is the expectation of the number of days she can sail before both radios have failed? 

Define the random variable X to be the number of days that until the first radio dies, and 

the random variable Y to be the number of days until the second radio dies. 

Both X and Y are geometric with parameter p = 
1

75
 

Define the random variable Z to be the number of days in which the skipper has a 

functioning radio. 

Z= X+Y-2, because X and Y each count the day that the radio fails 

E[Z]=E[X]+E[Y] −2    

 =75+75-2=148 days 

What is the probability that her two radios last the journey, that is, what is Pr[Z≤99]? 

First, look at the probability that Z takes some value c. 

𝑝𝑍 𝑐 =  𝑝𝑋𝑌 𝑎𝑖,𝑏𝑗 
𝑎𝑖,𝑏𝑗
𝑎𝑖+𝑏𝑗=𝑐

 

𝑝𝑍 𝑐 =  𝑝𝑋𝑌 𝑐−𝑏𝑗,𝑏𝑗 

𝑏𝑗

 

𝑝𝑍 𝑐 =  𝑝𝑋 𝑐−𝑏𝑗 

𝑏𝑗

𝑝𝑌 𝑏𝑗  

Pr[Z≤99] = Pr[X+Y≤101] 

What is Pr[X+Y≤k]? 



The probability mass function of two independent random variables X and Y: 

  𝐩𝑿

∞

𝒍=𝟏

 𝒌−𝒍 𝐩𝒀 𝒍  

For 𝑙< 𝑘, p𝑋= 0 

 𝑝(1−𝑝)𝑘−𝑙−1

𝑘−1

𝑙=1

𝑝(1−𝑝)𝑙−1 

   

 𝑝2(1−𝑝)𝑘−2

𝑘−1

𝑙=1

 

 (𝑘−1)𝑝2(1−𝑝)𝑘−2

101

𝑙=2

 

.3904 

The probability distribution function for continuous, independent random variables X and Y: 

𝑭𝑿+𝒀(𝒙) =  𝑭𝑿

∞

−∞

(𝒙−𝒚)𝒇𝒀(𝒚)𝒅𝒚 

Ex.) X and Y are independent uniform random variables over [0,1] 

                      

Look at Pr[X+Y]=1 

Each line represents an instance where X+Y=1 



The probability of a sum of .5 is less that the probability of a sum of 1 

Pr[X+Y]=D 

𝑓𝑋+𝑌 𝑎 =  𝑓𝑋 𝑎−𝑦 𝑓𝑌 𝑦 𝑑𝑦
∞

−∞

 

1 =  𝑓𝑌 𝑦 𝑑𝑦
∞

−∞

 

𝑓𝑋+𝑌 𝑎 =  𝑓𝑋 𝑎−𝑦 𝑑𝑦
∞

−∞

 

0≤𝑎≤2 

Be careful: y cannot be larger than 𝑎  

0≤𝑎≤1        

 1𝑑𝑦= 𝑎
𝑎

0

 

1≤𝑎≤2     

If y≤𝑎−1, then the distance between y and a is greater than 1, so the probability 

distribution function takes the value 0. 

  

 1𝑑𝑦= 2−𝑎
1

𝑎−1

 

density function 


